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Finite elements are a good foundation for laregeale
simulations on current and future architectures

A Backed by wekldeveloped theory.
A Naturally support unstructured and curvilinear grids.

A High-order finite elements on high-order meshes
A Increased accuracy for smooth problems
A Subelement modeling for problems with shocks
A Bridge unstructured/structured grids _ _
. . Non-conforming mesh refinement
A Bridge sparse/dense linear algebra on high-order curved meshes
A FLOPs/bytes increase with the order

A Demonstrated match for compressible shock
hydrodynamics (BLAST).

A Applicable to variety of physics (DeRham complex).
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Modular Finite Element Methods (MFEM)

MFEM is aropensource C++ librafpr scalable FE research
and fast application prototyping D - -

A Triangular, quadrilateral, tetrahedral and hexahedral;
volume and surface meshes

A Arbitrary order curvilinear mesh elements
A Arbitrary-order H1, H(curl), H(divand L2 elements Linear, quadratic and cubic finite
3 ] . . element spaces on curved meshes
A Local conforming and norconforming refinement
A NURBS geometries and discretizations
A Bilinear/linear forms for variety of methods (Galerkin,
$'h $0'h )OI CAIi il AOOEAh 8(Q
A Integrated with: HYPRESUNDIALFPETSSUPERLU
PUMIVislt SpackxSDKOpenHPGnNnd more8
A Parallel and highly performant mfem.org
A Main component of%# 0 &désigA Center for Efficient (v3.4, May/2018)
Exascale Discretizations (CEED) E\’C\\ f.‘ CEED
A . AOE @ B OEOGWiadvs.ardh OET T d,
@ ‘xSDK
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Example I¢ Laplace equation

A Mesh A Linear solve

63 /f 2. Read the mesh from the given mesh file. We can handle triangular, 130 | #ifndef MFEM USE_SUITESPARSE

64 s quadrilateral, tetrahedral, hexahedral, surface and volume meshes with 131 // B. Define a simple symmetric Gauss-Seidel preconditioner and use it to
65 I/ the same code. 132 s solve the system Ax=b with PCG.

66 Mesh #*mesh; 133 GSSmoother M(A);

&7 ifstream imesh(mesh_file); 134 BCG(A, M, *b, x, 1, 200, le-12, 0.0);

68 if (limesh) 135 | #else

69 { 136 /{ B. If MFEM was compiled with SuiteSparse, use UMFPACK to sclve the system.
70 cerr << "\nCan not open mesh file: " << mesh file << "\n' << endl; 137 UMFPackSolver umf_solver;

71 return 2; - 138 umf_solver.Control [UMFPACK ORDERING] = UMFPACK ORDERING METIS;

72 } 139 umf_solver.SetOperator(A);

73 mesh = new Mesh{imesh, 1, 1); 140 umf_solver.Mult(*b, x};

T4 imesh.close(); 141 | #endif

75 int dim = mesh->Dimension{);

76 . . .
77 // 3. Refine the mesh to increase the resolution. In this example we do A VI S u al IZatI O n
78 I

'ref_levels' of uniform refinement. We choose 'ref_levels' tc be the

79 / largest number that gives a final mesh with no more than 50,000

BO I elements.

g; { int ref levels = 52 // 10. Send the solution by socket to a GLVis server.
83 (int)£loor (10g(50000. /mesh->GetyE())/log(2. ) /dim) ; | Gt (rievelization)

:; L0Lmé;ﬁf)tnzfg;méa;i;:i&];:‘ﬁfsF 14+) 155 char vishost[] = "localhest";

26 b u 156 int wvisport = 19916;. .

° 157 socketstream sol_sock(vishost, visport);

158 sol_sock.precision(8);
- . . 159 sol_sock << "solution\n" << *mesh << x << flush;
A Finite element space -

B8 // 4. Define a finite element space on the mesh. Here we use continucus 8 00 |X| GLVis [scalar data]

B9 7 Lagrange finite elements of the specified order. If order < 1, we

90 I instead use an isoparametric/isogeometric space.

91 FiniteElementCollection *fec;

92 if (order > 0)

93 fec = new H1_FECollection(order, dim);

94 else if (mesh->GetNodes())

95 fec = mesh->GetNodes()->OwnFEC();

96 else

97 fec = new Hl_FECollection(order = 1, dim);

98 FiniteElementSpace *fespace = new FiniteElementSpace(mesh, fec);

99 cout << "Number of unknowns: " << fespace->GCetVSize{) << endl;

- - - - LN
A Initial guess, linear/bilinear forms

101 // 5. Set up the linear form b{.) which corresponds to the right-hand side of
102 7 the FEM linear system, which in this case is (1,phi_i) where phi_i are
103 7 the basis functions in the finite element fespace.
104 LinearForm *b = new LinearForm(fespace);
105 ConstantCoefficient one(l.0);
106 b->AddDomainIntegrator (new DomainLFIntegrator({one));
107 b->Assemble();
108
109 // 6. Define the solution vector x as a finite element grid function
110 1A corresponding to fespace. Initialize x with initial guess of zero,
111 7 which satisfies the boundary conditions.
112 GridFunction x(fespace);
113 x = 0.0;
114
115 // 7. Set up the bilinear form a{.,.) on the finite element space
116 7 corresponding to the Laplacian operator -Delta, by adding the Diffusion
117 7 domain integrator and imposing homogeneous Dirichlet boundary 4
118 7 conditions. The boundary conditions are implemented by marking all the
119 7 boundary attributes from the mesh as essential (Dirichlet). After L,
120 Iz assembly and finalizing we extract the corresponding sparse matrix A.
2l L e e e e A works for any mesh & any H1 order
122 a->AddDomainIntegrator (new DiffusionIntegrator(one));
123 a=>hssemble();
124 Array<int> ess_bdr(mesh->bdr_attributes.Max());
125 ess_bdr = 1; 4 - - -
P A builds without external dependencies
127 a->Finalize();
128 const SparseMatrix &A = a->SpMat();
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Example I¢ Laplace equation

A Mesh
63 ff 2. RBead the mesh from the given mesh file. We can handle triangular,
64 fr quadrilateral, tetrahedral, hexahedral, surface and volume meshes with
65 fr the same code.
66 Mesh *mesh;
67 ifstream imesh(mesh file);
68 if (limesh)
69 {
70 cerr << "‘\nCan not open mesh file: " << mesh file << "\n' << endl;
71 return 2;
72 }
73 mesh = new Mesh(imesh, 1, 1);
74 imesh.close();
75 int dim = mesh-*Dimension{):
76
77 f/f 3. Refine the mesh to increase the resolution. In this example we do
78 Hf 'ref levels' of uniform refinement. We choose 'ref levels' to be the
79 fr largest number that gives a final mesh with no more than 50,000
EO fr elements.
Bl {
B2 int ref levels =
B3 (int)floor(log({50000./mesh->GetNE({))/log(2.)/dim);
B4 for (int 1 = 0; 1 < ref levels; 1++)
ES mesh=->UniformRefinement () ;
B6 }
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Example I¢ Laplace equation

A Finite element space

B8 ff 4. Define a finite element space on the mesh. Here we use continuocus
B9 i Lagrange finite elements of the specified order. If order < 1, we
90 i instead use an isoparametric/isocgeometric space.

91 FiniteElementCollection *fec;

92 if (order > 0)

93 fec = new Hl FECollection(order, dim);

94 glse if (mesh->GetNodes())

a5 fec = mesh->CetNodes () ->0wnFEC( ) ;

96 else

a7 fec = new Hl FECollection(order = 1, dim);

98 FiniteElementSpace *fespace = new FiniteElementSpace(mesh, fec);

99 cout << "Number of unknowns: " << fespace->GetVSize() << endl;
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Example I¢ Laplace equation

A Initial guess, linear/bilinear forms

101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128

/f 5. Set up the linear form b({.) which corresponds to the right-hand side of
Fi the FEM linear system, which in this case is (l,phi i) where phi i are
fr the basis funections in the finite element fespace.

LinearForm *bk = new LinearForm{fespace);

ConstantCoefficient one(l1.0);

b=->AddDomainIntegrator({new DomainLFIntegrator{one));

b->Assemble():

// 6. Define the solution vector x as a finite element grid funection

Fi corresponding to fespace. Initialize x with initial guess of zero,

Ff which satisfies the boundary conditions.

GridFunction x(fespace);

x = 0.0;:

//f 7. Set up the bilinear form a(.,.) on the finite element space

i corresponding to the Laplacian operator -Delta, by adding the Diffusion
i domain integrator and imposing homogeneous Dirichlet boundary

h conditions. The boundary conditions are implemented by marking all the
Fi boundary attributes from the mesh as essential (Dirichlet). After

rf assembly and finalizing we extract the corresponding sparse matrix A.

BilinearForm *a = new BilinearForm(fespace);
a->*AddDomainIntegrator(new DiffusionIntegrator{one)):
a=>hssemble():

Array<int> ess bdr(mesh->bdr attributes.Max())};

ess _bdr = 1;

a->*EliminateEssentialBC({ess bdr, x, *b);
a=>*Finalize():

const SparseMatrix &R = a->SpMat();:
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Example I¢ Laplace equation

A Linear solve

130
131
132
133
134
135
136
137
138
139
140
141

#ifndef MFEM USE SUITESPARSE
S/ B. Define a simple symmetric Gauss-Seidel preconditioner and use it to
i solve the system Ax=b with POG.
GSSmoother M{A):
PCG(A, M, *b, x, 1, 200, le-12, 0.0);
felse
ff B. If MFEM was compiled with SuiteSparse, use UMFPACE to solve the system.
UMFPackSolver umf solver;
umf solver.Control [UMFPACK ORDERING] = UMFPACK ORDERING METIS;
umf solver.SetOperator(A);
umf solver.Mult{*b, x);
#endif

A Visualization

152
153
154
155
156
157
158
159
160

f/ 10. Send the solution by socket to a GLVis server.
if (visualization)

{

char wishost[] = "localhost":

int wisport = 19916;

socketstream socl sock(vishost, visport):

sol sock.precision(8);

sol_sock << "solution\n" << *mesh << x << flush;
}
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Example I¢ parallel Laplace equation

A Parallel mesh

101 ff 5. Define a parallel mesh by a partitioning of the serial mesh. Refine
102 ff this mesh further in parallel to increase the resclution. Once the
103 rr parallel mesh is defined, the serial mesh can be deleted.

104 ParMesh *pmesh = new ParMesh(MPI COMM WORLD, *mesh});

105 delete mesh;

106 {

107 int par_ref_ levels = 2;

108 for (int 1 = 0; 1 < par_ref_ levels; 1l++)

109 pmesh->UniformRefinement();

110 }
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A Parallel finite element space

s
X

s

rarara

122 ParFiniteElementSpace *fespace = new ParFiniteElementSpace(pmesh, fec);

C

a . . . (2)

)

&
P :true_dof — dof

A Parallel initial guess, linear/bilinear forms

130 ParLinearForm *b = new ParlinearForm{fespace);

138| ParGridFunction x(fespace);

147| ParBilinearForm *a = new ParBilinearForm(fespace);

155 // 10. Define the parallel (hypre) matrix and vectors representing a(.,.),
156 Iy b{.) and the finite element approximation.

157 HypreParMatrix *A = a=>ParallelAssemble();

158 HBypreParVector *B = b->ParallellAssemble();

159 HypreParVector *X = x.ParallelAverage();

A=PlqpP B =PTp r=PX
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A Parallel linear solve with AMG

164
165
166
167

169
170
1711
172

Ve

// 11, Define and apply a parallel PCG solver for AX=B with the BoomerAMG
f preconditicner from hypre.

HypreSolver *amg = new HypreBoomerAMG(*d);:

HyprePCG *pcg = new HyprePCG(*hA);

pocg=->SetTol(le=12);

pog=->SetMaxTter({200);

pcg=>SetPrintLevel (2);

pcg=>SetPreconditioner(*amg);

pog->Mult [#B, *X);

A Visualization

// 14. Send the sclution by socket to a GLVis server.
if (visualization)

char vishost[] = "localhost”;
int wvisport = 19916;

socketstream sol sock(vishost, wisport);

sol_sock << "parallel " << num procs << " " << myid << "\n";
sol_sock.precision(8);

sol_sock << "solution\n" << *pmesh << x << flush;

800 IX| GLVis [scalar data]
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A highly scalable with minimal changes
A build depends onhypreand METIS




MFEM example codes mfem.org/lexamples
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